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ABSTRACT

Mathematical practice consists primarily of symbolic work. This is not engagement in ritual, for mathematical signing is a regulative social practice, measuring quantity, space and time. But it takes on a life of its own as a set of overlapping practices creating an ever more elaborate universe of signs and meanings pursued partly for their own sake. The semiotics of mathematics rests on Peirce, De Saussure and Morris. Across syntactics, semantics and pragmatics mathematics is both operative and performative. Its signs stand for actions and processes that become crystallised, fabricating mathematical objects. But the signs never lose their complementary dual natures as both processes and objects. Through its performativity the power of mathematics works beyond its own inner realm. It formats our experience and interactions across the interior, social and material worlds.
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1. Introduction 

From the outset the semiotics of mathematics is problematic. Mathematics is undeniably an highly symbolic and symbolised practice and domain. It is scientific, pure, precise, independent of values and subjectivity. But it is also a domain pervaded with mythologies, with self-protective purist values. It is the ultimate hermetic subject, sealed and closed off to keep out the infidel. The dominant myth is that of Platonism, which asserts that mathematics is the natural science of the universe of pure form. From this perspective, mathematics is the language that includes signs, terms, concepts, expressions, sentences, proofs and theories, and these describe the objects of the superhuman universe of mathematics. This realm is infinitely populated by its numbers, functions, sets, and ever more abstract objects, processes, truths, and structures. According to Platonism the semiotics of mathematics is just a branch of natural history, whose job is to discover, name and categorise how the signs of mathematics signify the array of mythological beasts that make up the objects of mathematics. Like the explorers of old, the role of the semiotician of mathematics is cartographic. It is to make and repeatedly check out the map and ensure it accurately describes the terrain of this domain. Every battlefield, beacon, boundary, bay, hill, river, town, site of geographic or historical interest on the map depicts the dispositions of the objects of mathematics, the true landscape of this abstract realm, the world of mathematics. Hilbert called this domain Cantor’s paradise, since Cantor had opened the door to the boundless world of transfinite numbers and infinite sets. It is no accident that Cantor named his two types of infinities in this kingdom the Alephs and Omegas, the first and last, the beginnings and the ends of everything. 

But stop. There is no world of mathematics outside of the cultural realm, outside the sum of human practices. Plato, that ancient genius, encapsulates a mythological, quasi religious view of the ideal world. Perfect entities populated his timeless objective world. We can only describe colours, count, or ascribe high values to things because in his superhuman realm there exists Red, One, Two, Three, Number, Triangle, Truth, Beauty, Justice and all the other timeless universals. These are eternal perfect forms that are only seen as poor reflected shadows in our mundane, earthly world. Just like the images of our gods that we worship, these are but shabby simulacra of the perfect and glorious beings above us in the eternal realm, not on Mount Olympus but somewhere ineffably more refined and ethereal, even beyond Dante’s paradise. 

So the semiotics of mathematics faces the Promethean task of bringing the signs, icons, meanings and whole symbolic Pantheon of mathematics back down to earth and showing its being and roots in social practices, in everyday human sign activities. One might argue that the semiotics of mathematics sidesteps these controversial questions of ontology, since it merely concerns the nature, meaning and use of mathematical signs. But although the uses of the signs of mathematics can be located in social practices, in studying the nature and meaning of mathematical signs one teeters perilously close to the abyss of ontology. 

The role of the semiotics of mathematics is not just to describe and theorise human sign practices. It is also to lay out, and if possible, extend the range of interpretations and theories of these practices. What is really going on in mathematical signing? Because of the closed shop hermeneutics, and membership of their own arcane freemasonry, with its hierarchy and rituals, and its own protective myths, mathematicians may be the last people that should be asked to answer this question (Rotman 1988).

2.  The meaning of mathematical signs

Mathematics is near unique in that it consists primarily of symbolic work. This is not engagement in ritual, in which the work is devoid of intrinsic meaning, representing only sacred forms validated by social practices and institutions. Herman Hesse parodies such a practice in his Glass Bead Game. On the contrary, it is work with symbols, fashioning them into new forms whose meaning is intrinsic to their use (and whose use is intrinsic to their meaning). Mathematics began as a system of codification, representing and regulating social practices, and symbolising and predicting pattern and growth in nature. Indeed, its major functions remain in these spheres. But it also takes on a life of its own as a set of interlocking symbolic practices in which symbolic work and the meanings it generates are pursued for their own sake. Hence, the higher esteem Euclid’s Elements is held in, compared with the far more practical contemporary or antecedent developments in arithmetic and mensuration. But what is often forgotten is that the Elements is first and foremost a manual of drawing, full of instructions for sketching, which in its refined presentation is the first axiomatic theory. 

Like any craftspersons mathematicians refine and develop their symbolic practices and technical skills driven by the desire to extend their own mastery and virtuosity. The social background to this are scribal and technical schools teaching mathematical skills and training mathematical workers and future teachers. The ethos of mathematical schools has always been that of valuing progress towards fluency and mastery in work with symbols and representations. This is manifested in specific sub-goals; seeking brevity in the form of short cuts and generality in the extension of skills, and progress towards solving symbolic problems of increasing difficulty, complexity and abstraction. A central aim of such practices is to achieve competence and fluency in the most general skills and ideas, as well as gaining power over the symbolic domain. In this way, mathematical practices, in common with all of the arts, pursue elegance, the beauty of fluent minimal forms. Thus the goals of mathematical activity are transformed into the values and aesthetics of the practice.

But unlike Chess and Go, mathematics is not just a glass bead game of exquisite reasoning. It is a symbolic practice of power, for mathematics is more normative and regulative than any list of commandments, any moral code or set of laws. Mathematics is not only strictly constrained within its own sign practices and the realm of permitted sign transformations. Mathematics formats and regulates the world of its applications, including nature, technology and the social sphere. Overall, mathematics is performative, rewriting perceptions of the world, reformatting the domains of social policy enactment, and ultimately, reshaping the human soul. But it is not some comic book villain come into our world to do us harm. We are doing it to ourselves, changing our world and ourselves with a deceptively simple technology of signs that constitutes mathematics. 

But I have got ahead of myself, running through the domains of syntactics, semantics and plunging overenthusiastically into the pragmatics of mathematical signing. By jumping ahead I begin to sound like a mad prophet in the desert, starved into hallucinations of the great number beast (1, 2, 3,…), the four horsemen (+, X, -, /) and Babylon herself (0, ∞), counting off the End of Days. Long before this final revelation we must start. In the beginning was the sign.

Mathematical practice is work with mathematical signs within the context of mathematical systems. Mathematical signs are never deployed singly as isolated symbols within the practice of mathematics.[footnoteRef:1] The use of mathematical signs is rule governed, and the rules relate to activities with signs and the relationship of a sign or several signs with other signs. As in the famous dictum of Wittgenstein (1953) the meanings of signs are manifested in their use. Indeed, the meaning of a mathematical signs is nothing more or less than its use. Thus the meanings of mathematical signs are generated by their patterns of use within mathematical systems. However unlike other semiotic domains, mathematical practices always involve signs within the contexts of the semiotics systems of mathematics.  [1:  Perhaps this is one of the key distinctions between professional mathematics and popular mathematics. In professional mathematics mathematical signs are never used on their own, in isolation. In popular mathematics they often are.] 


2.1 Semiotic theory and mathematics 

Before coming to the specific theories of semiotics applied to mathematics it is useful to partition the field using Charles Morris’ (1945) analysis of semiotics into three domains. These are syntactics, concerned with the signs and symbols themselves; semantics, focusing on the meaning of mathematical signs and sign practices; and pragmatics; treating the social and cultural contexts of symbol, sign and semiotic system usage. Mathematical signs are generated in social practices and used in further social practices. To try to understand mathematical signs without the pragmatic dimension is to disregard the motivation for their creation and extension, and their social functions. Without pragmatics we ignore their very purpose: what the signs do for and to us. While the syntactics of mathematics answers the question of what mathematical signs are, and semantics addresses the question of what mathematical signs mean and do, pragmatics looks at the why question. Why sign mathematically, and what for? 

2.1.1  Peirce
The giant figure that straddles mathematics and semiotics is C. S. Peirce. His erudition encompasses mathematics, logic, philosophy and semiotics. He made significant contributions to each of the fields, but his towering achievement lies in his foundational work in semiotics. Uncovering, understanding and encompassing his semiotic works is a major academic industry in itself. At the heart of his semiotics is his triadic model of the sign, comprising representamen (symbol), object (reference), and interpretant (meaning). This simplification is not as clear cut as it sounds, because his interpretant is itself also a sign leading to what is termed unlimited semiosis, unending chains of linked signs. 

There are many aspects of Peirce’s semiotics that are of mathematical significance, including the analysis of signs into icon, index and symbol. Mathematics is full of both icons and symbols, although as we shall see, indexical signing is mostly ruled out.[footnoteRef:2] Peirce’s type/token distinction is also vitally important. Thus in the simplest possible equation a=a the variable ‘a’ is itself a type (a class), but there are two tokens (instances, utterances) present in the equation, and as tokens they are bound to have the same reference, even before the assertion of identity (the meaning of ‘=’) is applied.[footnoteRef:3] Hence the paradox or inconsistency of asserting a≠a. Peirce also offers a hermeneutics of the mathematical reader/writer including the Agent which is a ‘skeleton diagram’ of self (Peirce, 1931-58, 2: 227). This has been more fully developed by Rotman (1993) in his model of the mathematician as reader and writer of mathematical texts, discussed below.  [2:  Indexicality almost sneaks back in through its cousin metonymy. For the concatenation and contiguity of symbols embodied as adjacency in space and time that lies at the heart of metonymy conjures up the shared presence at the heart of indexicality.]  [3:  Note that a=a is the axiom of reflexivity, part of the implicit definition of the identity relation.] 


2.1.2  De Saussure
De Saussure’s fundamental analysis of the sign into signifier and signified is an important element within the semiotics of mathematics. Gottlob Frege (1892) offers a parallel meaning theory in which a sign designates its referent (Bedeutung or reference) by means of its sense (Sinn or sense). Thus 2+3 designates 5 as its referent, and the way it achieves this designation is through its sense, which is the application of the operation of addition to the numbers 2 and 3. However, to De Saussure the signified is a thought or a meaning, whereas Frege locates his mathematical references in the abstract Platonic realm. 

Mathematics works in a system that tries to be simpler than natural language in two ways. The first is to avoid polysemy and ambiguity, so that mathematical terms and functions designate unique mathematical objects as their references. However, ambiguity sneaks in by the back door because, e.g., ‘=’ designates different relations in N, Z, Q, R, C and many further systems, algebraic and otherwise. Indeed, in early learning ‘=’ has the operative meaning of ‘makes’. Only after its symmetry has been learned can it come to mean ‘is (the same as)’, or rather ‘has the same value as’, the relation of identity.[footnoteRef:4] [4:  For learners ‘2+3 makes 5’ always comes before ‘5 can make 2+3’ which is a necessary step for understanding ‘5=2+3’, and ultimately, the full understanding of the equality relation.] 


The second aim is to distinguish the object language (such as that of algebra with its basic signs 1, 2, 3, x, y, z, =, etc) from the metalanguage.[footnoteRef:5] This is to avoid the problems and contradictions of self-reference that bedevilled mathematics in the early years of the 20th century, especially in mathematical logic and set theory. Tarski (1935) offered the definitive relationship between the object and metalanguages in his formal Theory of Truth. However, Gödel (1931) had already shown that it is possible to mimic enough of the metalanguage within the object language to achieve limited self-reference, resulting in his celebrated Incompleteness Theorems.  [5:  Indeed it can be argued that by including the variables x, y, z, algebra is already the meta-language of the object language of arithmetic. ] 


Philosophers of mathematics have had to rediscover De Saussure’s important distinctions between langue/parole and synchronic and diachronic perspectives. The rediscovery was not needed because of ignorance but because of wilful ideological blindness in the philosophy of mathematics, involving the rejection of any historical or pragmatic perspectives. However, the emergent Philosophy of Mathematical Practice movement (see, for example, Hamami and Morris 2020) contrasts the proofs uttered and accepted by mathematicians (parole) with the systematic, theoretical, rigorous proofs claimed to warrant mathematics but never in fact evidenced (langue). Likewise, the received absolutist philosophy of mathematics has always taken a synchronic perspective, arguing that the epistemology of mathematics with its proofs is timeless. However, the work of Imre Lakatos (1976) showed that history determines the nature of both concepts and proofs in mathematics, and that the diachronic perspective cannot be excluded.

2.1.3  Charles Morris
Charles Morris’ (1945) division of semiotics into the three domains of syntactics, semantics and pragmatics is largely inspired by C. S. Peirce’s three part analysis of the sign, but also by distinctions from mathematics and logic. Syntactics is the domain of symbols and sign-vehicles and their relationships among themselves. This includes grammar and formal proof theories and corresponds with the mathematical object language. Semantics concerns the references and meanings of signs and thus corresponds to the level of metalanguage in mathematics, where meaning relations can be formulated, linking expressions in the object language to their designated references. Third, pragmatics concerns the social contexts and uses of language, corresponding to the interpretant (Nöth 1990). Typically all pragmatic references are excluded from the research papers of pure mathematics, which are written in what Rotman (1993) terms the Code. Informal discussions and applications within mathematics do include references to mathematicians’ motivations and the social context of mathematics (within the MetaCode). However, this not seen as a ‘proper’ mathematics, which must be in the Code. 

3.  The Syntactics, Semantics and Pragmatics of Mathematics

3.1  Syntactics

One approach to the semiotics of mathematics that is primarily syntactical is that of Ernest (2006, 2018a). Ernest argues that the unit of analysis for the semiotics of mathematics is not the free standing symbol or sign of mathematics, but the mathematical theory which can be represented as a semiotic system. Mathematical texts (in the Code) almost always consist of orders about following a set of mathematical procedures, or of declarative sentences describing the outcomes of following a set of mathematical procedures. So semiotic systems consist primarily of signs and rules for transforming the signs in pursuit of a goal.

A semiotic system is defined in terms of three components:
1. A set of signs; 
2. A set of rules for sign production and use; 
3. An underlying meaning structure, incorporating a set of relationships between these signs and rules. (See also Ernest 2005)

The set of signs comprises both elementary signs and compound signs made up of concatenated sequences of signs, as permitted by the rules of the grammar. The rules are for sign use, combination and production in the semiotic system. Thus the rules dictate what combinations are well formed terms and formulas, which transformational sequences of terms are proper calculations, and which transformational sequences of formulas are proper proofs, and what transformations of models are problem solutions or promising applications. 

The underlying meaning structure of a semiotic system is the most elusive and mysterious part, like the hidden bulk of an iceberg. It is the repository of meanings and intuitions concerning the semiotic system which support its creation, development, and use (Arcavi 2005). For individuals it can range from a collection of tenuous ideas and fleeting images (Burton 1999), to something more well defined, akin to an informal mathematical theory. The meaning structure of a semiotic system is a set of mathematical contents, an informal mathematical theory, and it may be a previously constructed semiotic system.



Figure 1. Model of Semiotic System within its Social Context of Use (from Ernest 2018a)
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Figure 1 provides a model of a Semiotic System. First, there are the signs and rules. These are properly part of syntactics. The key axis at play is metonymic, since expressions are primarily regulated by rules of contiguity, determining the composition of signs. A further component is the underlying meaning structure. The links between the rules of the system, and relations in the meaning structure is one of formalisation, acting along the metaphoric axis. The more explicit and complete the rules of the system are, the more the content of the meaning structure is represented in the rules of the semiotic system. Finally, as in all human activities, the use of semiotic systems takes place within a social context with its goals, purposes and interpersonal relations.

Within such systems, the activities of both students and research mathematicians are primarily the transformations of mathematical signs in pursuit of systematic goals. These include calculating a sum, drawing a geometric figure or devising a proof for a conjecture. Two common further activities are solving mathematical problems, and making applications of mathematics.[footnoteRef:6] One of the most common goals in performing the rule governed transformations of mathematical signs is the simplification of expressions, aiming at achieving a final simplified canonical form of expression. In Ernest (2009) I defined the complexity of mathematical signs and simplification as the reduction of complexity. Much of school mathematics consists of exercises in simplification, including operating the four rules in arithmetic and solving algebraic equations. Many of the key signs for equivalence relations in mathematics (most notably the equality sign) are initially used to signal transformations that reduce the complexity of terms but will preserve their values, when values are assigned.[footnoteRef:7] Some simple examples are: 85+27 = 112,  11x25=275, 10% of 100 = 10, 2/3 of 12 = 8, 2a+3a=5a, 2x(3x+1) = 6x2+2x. At the heart of fluency in calculation is the ability to readily switch between equivalent forms.  [6:  These typically involve multimodal representations, including linguistic texts, mathematical signs, diagrams, graphs and the sequence of transformations within modal types and translations between them. O’Halloran (2016) and Duval (1995) especially, focus on such inter-semiotic transformations, further discussed under the rubric of semantics.]  [7:  The transformational rules of a semiotic system embody the preservation of values as required by the underlying informal theory but are performed at the syntactic level without any reference to these values.    ] 


Semiotic systems are able to describe and characterize all of the activities mentioned and exemplified, through a focus on the nature and workings of the system at the syntactical level. Mathematical signs are operative at the syntactic level as they are throughout mathematics. But sign systems never just statically describe structure, for mathematics is a language of actions. Mathematical signs embody structures in the process of being acted upon or as actions in themselves.[footnoteRef:8] However, at the syntactic level mathematical signs are just symbols or inscriptions, operated on as signs, and their interpretation and the attachment of any  meaning is deferred until semantics is brought into play  [8:  For example, a four step transformation of signs (from S1 into S5) in a semiotic system will have the form  S1(-R1-)S2(-R2-)S3(-R3-)S4(-R4-)S5, where the Ss are terms, the Rs are rules, (-R-) designates an application of the rule R, and S(-R-)S’ represents the transformation of S into S’ by the action of rule R.] 


Another approach to the semiotics of mathematics from the syntactical perspective is that of Brian Rotman (2000). He argues that mathematical signs are not merely alphabetic (as employed in algebra), but also numeric, and this brings in two additional perspectives, those of ideograms and diagrams. It is obvious that arithmetic is populated by ideograms such as 1, 2, 3, 1001, 10000001, and so on. What is less obvious, now that we all use alphanumeric keyboards is that the familiar digits and other signs of mathematics (=. +. -, *, /, ¬, %, etc) that are so readily to hand are of a different status to alphabetic letters. They do not stand for what originated as vocal sounds, but are rather ideograms for physical (that is embodied) actions and operations on mathematical signs. Thus the numeral 3 has evolved from III, itself iconically representing three tally strokes. The signs +. -, *, / represent the four operations of adding, partitioning, repeating and dividing numbers via actions on numerals. Most mathematical signs represent operations to be enacted or the outcomes of such processes.[footnoteRef:9]   [9:  Below I discuss how mathematical signs are operative, designating operations to be enacted. Furthermore, there is a process of nominalisation and abstraction in which these operations come to designate the outcomes of such processes and are reified into mathematical objects (not just symbols) in their own right. ] 


Beyond such ideograms there are also diagrams, whose role in mathematics may have been contested, but which have never been and can never be dispensed with (Cellucci 2019). Just as Dieudonné was declaring that modern mathematics can be founded on set theory and should be diagram-free, category theory was being invented by algebraists as the latest generalized super-theory of mathematics (Eilenberg and MacLane 1945).  Category theory formalizes mathematical structure and its concepts in terms of a labelled directed graph called a category, whose nodes are called objects, and whose labelled directed edges are called arrows (Wikipedia 2021). But a labelled directed graph made up of nodes and edges (arrows) is quintessentially geometric. Thus category theory is a yet further geometrization of algebra, a further step in the direction of Descartes’ representation of algebra with coordinate geometry. 

However we do not need to resort to recent developments to point to the diagrammatic nature of mathematics. Euclid’s Elements are celebrated as the starting point of systematic mathematics in the form of axiomatic theory. But it should not be overlooked that the contents of the Elements is primarily directed at drawing diagrams. Most postulates (all but number 4) are operative, concerning the drawing of lines and circles, and many propositions (e.g., propositions 1, 2, 3, 9, 10, 11, 12, 22, 23, 31, 42, 44, 45, 46, among the early ones)  are also operative, specifying drawing procedures. The Elements is a recipe book for drawing lines, circles and other plane figures and diagrams. As inscriptions they are signs in themselves and they do not represent or call up anything other than their own embodiments. They are what they are, not symbols for something else but the crafted graphic traces of human activity. Rotman (n. d.) and Valéry compare mathematics with dance. Dance isolates body movement and formalizes it – that is, it liberates it from every everyday significance and makes it repeatable, enabling movements (bodily or drawing instrument) to be combined into complicated figures, allowing an artful play (Krauthausen 2010). Diagrams and figures can stand for something else, but in the first instance, as raw drawings they are symbols only tracing the outcomes of operations and processes. They are purely syntactical, but repeatable following geometric constructions (operations), such as those specified in the Elements. 


3.2  Semantics

Various semiotic theories of mathematics focus primarily on the meaning or the semantics of mathematical signs. Rotman (1988, 1993) has made various contributions to the semiotics of mathematics but the one described here is primarily concerned with semantics. For it is about the meaning of mathematical signs and the role of the reader and writer in understanding and acting on them. Rotman (1993) extended Peirce’s insights in his three level model of the mathematician. This comprises three ‘actors’, each with a corresponding and increasing level of abstractedness, but with diminishing agency and subjectivity, in the sequence: Person, Subject and Agent. The Person is embedded in the material world and has full access to voluntary human activities including the uses of language, metalanguage (the MetaCode) and meaning-making in general. The Person is the only one of the three agentic roles that has full access to metalanguage and indexical signifying resources, which are typically excluded from the signs of mathematics (Ernest 1999).

The Subject has an agency restricted to the signs and texts of the semiotic systems of mathematics and is only able to read and write within this Code. The Subject is circumscribed by sign systems that lack indexical markers for time, place and other personal modes of expression and lacks the Person’s capacity for self-reference or self-expression,. 

The Agent is a minimal representative of the reader or writer and has no voice, no subjectivity, only the power to carry out imagined instructions as defined in the text, to enact its operativity. The Agent represents an unconscious agency that can only follow fully specified procedures without any decision making. Because of these features it is possible to fully mechanize the agency involved, which is what underpins digital computing. 

What supports this model is an analysis of mathematical language that reveals that by far the most common verb forms in mathematical texts in Code are imperative, either inclusive (we, let’s) or exclusive (add, draw, find). Rotman’s model of the mathematical subject answers the vital question concerning mathematical texts: “To whom or what are these orders directed?”

It is no coincidence that Rotman’s model of the mathematical subject fits with the three levels in Morris’s (1945) division of the field of semiotics. The Person is located in the pragmatic domain with the full range of semiotics resources available. The Subject has access only to the semantic domain of restricted mathematical meanings and MetaCode. The Agent (as imagined) lives in the syntactic domain of the Code, accessing only the instructions given there to operate in the object language.

The agent is only a figment of the mathematician’s imagination. But there are two essential characteristics of a mathematical text. First, there is the wholly operative, imperative or instructional (that is, goal directed) nature of mathematical text.[footnoteRef:10] Mathematical text is operative, it is all about ‘doing’, engagement in actions, but these actions are restricted to working with signs within the text, the sphere of the agent. Where the signs appear to point beyond the text it is to fictitious mathematical objects attributed to the ideal semantic realm. The signs of mathematics are both operative and performative, and part of this performativity lies in creating this imaginary realm, the domain of mathematical meaning. The status of this realm is a philosophical question, and different answers include social realism and platonism.    [10:  There are declarative statements in mathematics but these assert the outcomes of following orders. “There is an infinity of primes”  is equivalent to “There is no largest prime.” This can be interpreted constructively (“Give me a ‘largest’ prime and I will lead you to a larger one.”) or classically (“Assume that there are a finite number of primes and you will be led to a contradiction.”) ] 


Second, all well defined mathematical functions and expressions are univocal, avoiding any polysemy or ambiguity, provided that values have been assigned to open variables, and that operations are contained within a fixed theory. Consequently, following the work of Gödel, Turing and Von Neumann, mathematical instructions can be represented in electric circuits, with valves or transistors serving as logical connectives. Rotman’s agent is embodied in directing the flow of electricity through the gates. Like the Golem, that mythological earthen figure brought to life by the insertion of a textual scroll in its mouth, the agent is activated electrically and thus becomes agentic, materially acting out the textually given mathematical instructions. However, the activated computer agent exceeds the brute force of the Golem. For it has power over both the material world (through computer control systems) and the noosphere (through sign, text, and image analysis and processing). 

Another theorist that can be located within the semantic domain is Raymond Duval (1995), who offers a theory of semiotic representation for mathematics. This concerns registers of representation, each a different sign system (e.g., language, algebra, graphs) and conversions into ‘equivalent’ representations within another semiotic system. According to Duval (2017) there are three types of operations within a sign system, which he terms a register of semiotic representation. 

1. Formation of representations in a particular semiotic register either to express a mental representation or to recall a 'real' object. A sign is constructed as a representation of something within a given system
2. Treatment - a transformation within the register. Representations can be transformed within the semiotic system (according to the rules in it) such that the obtained representation constitutes a gain in knowledge in comparison with the initial representation. Such transformations include mathematical proofs. 
3. Conversion - a transformation that results in a representation in another register. The representations can be converted, from one system into another, making explicit other meanings. Such conversions may be congruent (isomorphic) or only partially analogous. Foregrounding new and different meanings has important consequences for education and schooling.

Since Duval’s approach concerns both systems of signs and their meanings, it has been included here under the heading of semantic approaches.[footnoteRef:11] There are distinct similarities with Ernest’s (2006, 2018a) theory of semiotic systems with the emphasis on the transformations of signs. Ernest’s theory is not just restricted to educational settings but has a philosophical dimension. However Duval’s theory, which precedes Ernest’s in publication date, adds the important element of conversions between different semiotic systems, as well as an elaborate treatment of its applications in cognitive learning theory.  [11:  Although graphs and diagrams can be seen purely as signs, Duval is primarily concerned with them as representations, and is thus involved with them semantically.] 


One of the conceptual tools that Duval uses is that of congruence or metaphor. Roman Jakobson (1956) distinguishes between the sign functions of metonymy and metaphor, that parallels the ancient rhetorical distinction between syntagmatic (including contiguity and combination) and paradigmatic (including similarity and selection). As has been illustrated, one of the central features of mathematics is the analysis and study of structure and structural relationships. Metaphor is of course based on similarity of structure, and this is central in mathematics in the forms of homomorphism, isomorphism, and homeomorphism. Adding in congruence, mathematical similarity, equivalence and equality, parades before us the most central relationships that underpin and unite the whole of mathematics. This is primarily at the semantic level, although the structure of signs can be compared at the syntactic level.

School arithmetic, especially in the early years, is almost entirely devoted to the study of equality and equivalence in the numerical domain. It is no accident that this is also true of the early history of mathematics.[footnoteRef:12] Thus work with the four rules can be seen as operations in the preservation of numerical value (maintaining equality), such as calculating 2+3=5, 321-123=198, 13x11=143, 111/37=3. Furthermore, many equivalent forms are learnt in number (5+7=12; 100+70+2=172), fractions (half = 1/2 = 0.5; 6/8=3/4), ratios (2:4 = 1:2), percentages (75% = ¾) not to mention equivalences with the enactive and graphic representations of number (6 pieces out of 8 = 6/8; half turn = 180o). These transformations are exercises in the preservation of numerical value, and are thus semantic operations. However, they can also be enacted syntactically (training the Agent). But some of the difficulties in school mathematics are attributed to focussing just on meaningless rule following (Skemp 1976).   [12:  This is an instance of Haeckel’s biogenetic principle: ontogeny recapitulates phylogeny (Gould 1977). This is better grounded in Vygotsky’s (1978) cultural psychology: Every function in the child's cultural development appears twice, first, on the social and later on the psychological level. ] 



Because of the abstract, condensed and very precise symbol use necessitated within mathematics, the metonymic functions are also very important, and these operate primarily at the syntactic level. It took millennia to develop the decimal place value system, and the placement and ordering of the digits in a compound numeral such as 1,728 is vital to its meaning, supporting its succinct expression. This numeral, representing the number of feet in a mile, is very different from 8,721 standing for a number almost 5 times greater in value, derived purely by swapping the position of two digits in the expression (Pimm 2018). Place determines value. Moving a decimal point by one place only makes a tenfold difference in value.

The oldest numeration systems did not use this method. The ancient Egyptians had a base 10 system using distinct hieroglyphs for the powers of ten. They had separate symbols for one unit (a stroke; designated I here), one ten (hoop; H), one hundred (spiral; S), one thousand (reed; R), one ten thousand (bent finger), one hundred thousand (bird), and one million (scribe with raised arms). Thus a number like 123 was represented by SHHIII, but it could just as easily be shown as IHISIH although this would be regarded as non-canonical and inelegant. The numeral system did not use metonymy as in our modern decimal representation. The utility of the modern system is shown by representing the number 1728 in the Egyptian system, where it requires 18 individual signs (RSSSSSSSHHIIIIIIII).[footnoteRef:13]  [13:  In the system of Roman Numerals 1728 requires 10 signs (MDCCXXVIII).] 


The semantics of mathematics concerns the meanings of mathematical signs. Asking what the symbols of mathematics stand for is to walk perilously close to the edge of philosophy and the abyss of ontology. However, what rescues mathematics from this danger is the fact that mathematical practice is pretty well independent of philosophy. Cohen (1967) has observed, that working mathematicians are Platonists on weekdays but formalists on Sundays, when they have to put on their best. The point here is that you can be either, for whichever philosophy you adopt will not affect your mathematical practice.[footnoteRef:14] As proposed by Wittgenstein (1953), the meaning of mathematical symbols is primarily determined by their use. Mathematical signs are operative, designating procedures, functions and operations, as well as coming to reference their end products. In performing mathematical operations it is often not necessary to be concerned with the designations of the signs. This is illustrated by calculational algorithms such as column addition  where digits are simply acted upon as ciphers. The operativity of mathematics in which references can be ignored was noted over two hundred years ago. “[I]n Algebra, in which, though a particular quantity be marked by each letter, yet to proceed right it is not requisite that in every step each letter suggest to your thoughts that particular quantity it was appointed to stand for.” Berkeley (1710: 59) [14:  The exception is Intuitionism which curtails and delimits mathematical practice. ] 


One of the unique features of mathematics is how it grows and is transmuted in both its historical and psychological development. The actions and processes of mathematics become themselves transformed into reified concepts and objects. Various theorists have noted this characteristic. Machover (1983) describes mathematical objects as arising from reified constructions. Sfard (1994) proposes a three steps process for the cognitive development of mathematical concepts comprising interiorization, condensation, and reification. Dubinsky proposes the acronymic APOS theory in which concept formation proceeds by repeated Actions  in performing a Process from which is constructed an Object that is integrated into a newly formed a Schema or framework (Arnon, et al 2014). Tall (2013) uses the term procept to describe a mathematical symbol that operates dually as both process and concept, e.g. 3+5. 

In each theory there is an ascent in abstraction as processes become solidified into objects. These processes of abstraction are repeated again and again forming a hierarchy of ever more abstract mathematical objects, with each level formed by the encapsulation and reification of the processes applied to the objects on the level below. Axiomatic theories are themselves objects formalised and abstracted from informal theories and their operations. 

The two levels of process and practice versus abstraction and theory are analogues of de Saussure’s distinction between parole and langue. Parole represents the live spoken language practices (paralleling mathematical operations) while langue is the formalised structure abstracted from parole (corresponding to abstracted mathematical objects, theories and structures). However unlike this binary distinction for language, in mathematics the hierarchy of mathematical abstraction goes ever upwards, and repeats this formative relationship again every rise in level, without losing the ability to revert to lower levels. 

Another of de Saussure’s distinctions is also important in mathematics, whether time is viewed as synchronic (static) or diachronic (continuing). In my opinion, there is an overemphasis on the synchronic aspect, with mathematics viewed as a static structure of knowledge, albeit one to which little bits are added at the edges. But not only are the historical and individual cognitive developments in mathematics diachronic, but so too are the processes of creating and warranting within contemporary mathematical practices (Lakatos 1976, Ernest 1998).

Mathematics can be partitioned into the two great families of structure and function. Structure includes algebra, category theory, set theory and axiomatic theories, and can be viewed as corresponding to the synchronic, langue and metaphoric axes distinguished above. Functional mathematics includes analysis, algorithms, numerical calculations, constructive mathematics and corresponds to the diachronic, parole and metonymic axes. But there is no great rift between these continents of meaning, for they are irretrievably bound together in a great dialectic waltz of becoming. In order to work, mathematical structures require the active functioning of their objects and internal processes. That is, the structures generate functionality, not least because of the operativity and performativity of the constitutive mathematical objects. Likewise, functional mathematics with its processes, algorithms, and constructions becomes encapsulated and reified, thus generating the systems of structural mathematics. These conjoined twins of mathematics are ineluctably bound together, with the same blood coursing through their veins in the great waltz, the unfolding of history, culture and civilization.


3.3  Pragmatics

Thirdly, there is pragmatic dimension of theories semiotics of mathematics. One of the major research domains investigating pragmatics is mathematics education. Anderson et al. (2003), Presmeg et al. (2018), and Radford et al. (2008) all illustrate the role of semiotics in the teaching and learning of mathematics. This is located, unmistakably, within the pragmatic dimension of mathematical signing and meaning. All of the main theories of semiotics are employed but from the perspective of social semiotics and pragmatics there has been a special interest in the work of Halliday (1985), such as in Morgan (1998) and Ernest (2003). 

Halliday (1985) and his colleagues have examined the linguistics and semiotics of mathematical and scientific text (Halliday and Martin 1993, UNESCO 1974). They distinguish three metafunctions of text in use. These are the textual, ideational, and interpersonal functions, which although loosely corresponding to syntactics, semantics and pragmatics, respectively, retain their focus on the social dimensions of semiotics.

1. The textual function is about how the text is created and structured, and how it uses signs. Morgan (1998: 78) relates this to mathematical questions such as “What is the mathematical text attempting to do? Tell a story? Describe a process? Prove?”
2. The ideational or experiential function concerns the contents of the universe of discourse referred to, the subject matter of the text, including the processes described and the objects and subject matters involved. In reference to this Morgan (1998: 78) asks “What does this mathematical text suggest mathematics is about? How is the mathematics brought about? What role do human mathematicians play in this?”.
3. The interpersonal function concerns the position of the speaker, the interaction between speaker and addressees, and their social and personal relations. Here Morgan (1998: 78) asks “Who are the author and the reader of this mathematical text? What is their relationship to each other and to the knowledge constructed in the text?”

A systematic exploration of the semiotics of mathematics using this approach is conducted by O’Halloran (2005). Analysing mathematical texts from a multi-semiotic perspective she reveals the complementary interlocking roles of mathematical symbolism, graphs, diagrams and writing. She applies Halliday’s (1985) framework in a detailed examination of mathematical texts, both current and historical. O’Halloran finds that overall, the semantics of material processes is replaced by operative processes performed using symbolic notation. This includes the nominalization of process, quality, relator and circumstance into static entities or ‘things’. Through such means, mathematical language effects the regrammaticisation of human experience, which is metaphorically reconstrued in terms of entities which enter into relations with other entities. 

Halliday’s framework has been extended by his co-researcher Martin (1992) to examine the role of mathematical and scientific texts in the negotiation of social relationships among participants. Interpersonal meaning as realized through the texts is mediated along the three dimensions of power, contact and affect. O’Halloran finds that the nature of the linguistic choices in written mathematics means that the discourse of mathematics operates from an uncontested position of dominance. In addition, the linguistic choices are not reciprocal, there is minimal affect, and the contact is involved but distant.[footnoteRef:15] Within the practice of mathematical research, such sign use may be necessary, by the nature of the subject. Indeed, this characterisation fits well with what Gilligan (1982) terms separated values. Mathematical objects are entities resulting from objectification and abstraction and are naturally impersonal and devoid of affect. Mathematical structures are constituted by abstract and imposed rules defining sets of objects and their relationships unequivocally (and univocally). The processes of mathematics are atomistic and object-centred, based on dispassionate analysis and reason in which personal feelings and affect play no part. Thus separated values fit mathematics very well and indeed can be said to be an essential part of mathematics, which both embodies and transmits these values.  [15:  Unfortunately, the distance and lack of affect in the subject of mathematics engender negative affect for a significant minority of students and adults (Buxton 1981, Ernest 2015, Hannula 2002).] 


However, thinking exclusively in the separated mode beyond mathematics can be potentially harmful, since it factors out the human and ethical dimensions (Ernest 2018b). According to O’Halloran (2005, p. 209) “[M]athematical and scientific descriptions have extended into the realms of the economic, the political, the social, the educational and the private … in what could only be described as the mathematicization of the human condition.” She argues that her analysis of mathematics across its multisemiotic dimensions reveals how it underlies our day-to-day conception of reality and how it is pushing us to the edge of dehumanization. Thus, perhaps surprisingly, research into the pragmatic dimension of the semiotics of mathematics takes us into the realms of ethics and social critique. 

4. Performativity 

In order to fully engage with the semiotics of mathematics it is necessary to understand the performativity of mathematical signs. In the domain of syntactics mathematical signs are both the objects acted upon, and the crystallized residue of acts in themselves. In the first instance, all the ‘atoms’, the ur-elements of mathematical signing are performed actions. Thus 3 represents the product of tallying III which is itself the residual mark of the repetitive physical act of counting one, two, three.[footnoteRef:16] In this way, counting employs indexical signing because each stroke or physical tally movement corresponds to a counted entity by proximity in space, time or thought.  [16:  Physical counting is the enactment of a one-to-one correspondence between the set of objects being counted, for example, three objects, and a final sign in a fixed sequence of utterances (first, second, third) or the cumulative sign that builds up as I is extended to II and then to III, in a temporal sequence of graphical markings. The last sign in such a sequence (the ordinality of the last act) represents the cardinality of the set being counted. ] 


Beginning with such embodied actions, mathematical signs within a semiotic system may be thought of as forming an hierarchy, with higher level signs resulting from actions on lower levels signs. While all such signs, actions upon them, and the rules that regulate such actions are located within the syntactic domain, a discussion of their relationships and meaning belongs to the semantic domain.

There is a further way in which mathematical signs are performative in the syntactical domain. Rotman’s (1993) analysis reveals how the Code comprises orders and directions for the Agent. Because of the unambiguous actions and orders encoded in it, this can be mechanized. Sign sequences within the Code constitute programmes that direct the processes and actions of computers, machines and robots. Mathematical objects, although they are nothing more than signs circulating within in human discourse, are thus performative and have a direct impact on the material world, contradicting the Platonist view that causal interaction with them is impossible (Benacerraf 1973; Balaguer 2014).

Within the semantic domain the performativity of mathematical signs is ontological. The signs create their own meanings; the abstract objects of mathematics that they denote. What we have is a “a set of repeated acts within a highly rigid regulatory frame that congeal over time to produce the appearance of substance, of a natural sort of being" (Butler 1999, p. 43-44). Although Butler is referring to the social construction of gender, the process is identical for the construction of mathematical objects. Thus numerals and number words “do not refer to numbers, they serve as numbers” (Wiese 2003, 5, original emphasis). This is an important point that contradicts any referential theory of meaning, including both the picture theory of meaning and Platonism. Numerals, number word terms, and by extension all mathematical signs need not indicate or refer beyond themselves to other objects as their meaning, let alone to a supraphysical and ideal realm of existence. They themselves serve as their own objects of meaning.[footnoteRef:17] Mathematical language is thus performative, for mathematical terms create, over time, the objects to which they refer. As I have shown, counting creates numbers, and operations create functions. In the first instance these are inscribed numerals, and enacted operations. Repeated usage reifies and solidifies them into mathematical objects.[footnoteRef:18] Furthermore, their currency of use serves as a social warrant for them, verifying their robust and legitimate existence.  [17:  For example, Henkin’s (1949) classic proof of the completeness of the first-order functional calculus uses the strategy of letting the reference of each sign in the system be itself.]  [18:  This is supported both within philosophy (for example, Machover 1983), as well as empirically, by research into the psychology of learning mathematics (Ernest 2007, Tall 2013).] 


Mathematical signs are performative in two ways, which I term inner and outer. What I describe above is part of the inner performativity, whereby mathematical sign usage creates mathematical objects. The outer performativity of mathematics is the way it formats the way we experience and interact with the material world (Skovsmose 2019, 2020, Ernest 2019). This takes us into the social domain of pragmatics. O’Halloran (2005) argues mathematical signs are the performative in that they format the (social) world. Ernest (2018b) also shows the profound and performative effects of the hidden applications of mathematics that reformat society and change our everyday lives but remain unchecked in every sense. Furthermore, mathematical signs are also performative in how they format the human mind. Like the archers of middle England whose frames were reshaped by bow practice from a young age, school learners are also undoubtedly reshaped by the thousands of hours of mathematical practice in which they engage. 

The result of all this formatting is the induction of a mathematical way of seeing and regulating the world. The performativity of mathematics, enacted though hidden mathematical applications, is directed by invisible choices and unchecked ideological presuppositions. The outcome is the distortion of public policies and the construction of the skewed social realities in which we live in ways that are not accountable to the public but that suit the powerful (Ernest 2018b, 2019). 

These perspectives in the pragmatics of mathematical signing are profoundly important but are hitherto greatly underestimated and little remarked. With great enthusiasm we have let the genie of mathematics out of the bottle to organise most aspects of modern life but few seem to be concerned about the ethics of this act or the negative impacts already all too visible (O’Neil 2016).    

5. Conclusion 

The semiotics of mathematics provides two sets of insights. First, there is the way that mathematical signs and semiotic systems operate internally, through the relationships between signs themselves, and the role of the human in making and working them. Viewing mathematical sign use through the prisms of syntactics and semantics reveals some of these complexities. Since these concern formal sign use (without meaning) and mathematical meanings these are of vital concern in education. 

Secondly, mathematical signs have profound effects through their social uses and applications, including reformatting the social and personal worlds of humans. We have the lens of pragmatic analyses to thank for opening up such perspectives. Overall, the semiotics of mathematics may at first appear to be an arcane and abstruse area of investigation, distant from the things that really matter. But as well as its vital role in education, it offers an essential understanding of the instrumental means by which social policy and technology is reshaping all aspects of our selves, lives and futures. More than ever, mathematics provides signs of the times. But are they signs of empowerment and hope or signs of ever-tightening restrictions and social retrenchment?
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